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The theorems of Rolle, Lagrange and Cauchy The mean value theorem

The theorem in classical form

Theorem (Mean value theorem)

Let f : [a, b] → R be continuous and differentiable on (a, b). Then there

exists ξ ∈ (a, b) such that

f ′(ξ) =
f (b)− f (a)

b − a
.
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The theorems of Rolle, Lagrange and Cauchy The mean value theorem

The theorem in classical form

Theorem (Mean value theorem)

Let f : [a, b] → R be continuous and differentiable on (a, b). Then there

exists ξ ∈ (a, b) such that

f ′(ξ) =
f (b)− f (a)

b − a
.

a b

f (a)

f (b)

f

Geometrically:
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The theorems of Rolle, Lagrange and Cauchy The mean value theorem

The theorem in classical form

Theorem (Mean value theorem)

Let f : [a, b] → R be continuous and differentiable on (a, b). Then there

exists ξ ∈ (a, b) such that

f ′(ξ) =
f (b)− f (a)

b − a
.

a b

f (a)

f (b)

f

Geometrically:

• chord has slope f (b)−f (a)
b−a
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The theorems of Rolle, Lagrange and Cauchy The mean value theorem

The theorem in classical form

Theorem (Mean value theorem)

Let f : [a, b] → R be continuous and differentiable on (a, b). Then there

exists ξ ∈ (a, b) such that

f ′(ξ) =
f (b)− f (a)

b − a
.

a b

f (a)

f (b)

f

ξ

Geometrically:

• chord has slope f (b)−f (a)
b−a

• there is a tangent line parallel to the chord

Á. Besenyei (ELTE Budapest) History of the mean value theorem September 17, 2012 3 / 15



The theorems of Rolle, Lagrange and Cauchy The mean value theorem

The theorem in classical form

Theorem (Mean value theorem)

Let f : [a, b] → R be continuous and differentiable on (a, b). Then there

exists ξ ∈ (a, b) such that

f ′(ξ) =
f (b)− f (a)

b − a
.

a b

f (a)

f (b)

f

ξ

Geometrically:

• chord has slope f (b)−f (a)
b−a

• there is a tangent line parallel to the chord

Physically:
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The theorems of Rolle, Lagrange and Cauchy The mean value theorem

The theorem in classical form

Theorem (Mean value theorem)

Let f : [a, b] → R be continuous and differentiable on (a, b). Then there

exists ξ ∈ (a, b) such that

f ′(ξ) =
f (b)− f (a)

b − a
.

a b

f (a)

f (b)

f

ξ

Geometrically:

• chord has slope f (b)−f (a)
b−a

• there is a tangent line parallel to the chord

Physically:

• at some instant
instantaneous velocity = average velocity

Á. Besenyei (ELTE Budapest) History of the mean value theorem September 17, 2012 3 / 15



The theorems of Rolle, Lagrange and Cauchy The mean value theorem

The theorem in classical form

Theorem (Mean value theorem)

Let f : [a, b] → R be continuous and differentiable on (a, b). Then there

exists ξ ∈ (a, b) such that

f ′(ξ) =
f (b)− f (a)

b − a
.

Corollary (Mean value inequality)

Let f : [a, b] → R be continuous and differentiable on (a, b). Then

inf
[a,b]

f ′ ≤ f (b)− f (a)

b − a
≤ sup

[a,b]
f ′.
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The theorems of Rolle, Lagrange and Cauchy Rolle’s theorem

A special case: Rolle’s theorem

Theorem (Rolle, 1690, for polynomials)

Let f : [a, b] → R be continuous and differentiable on (a, b). If
f (a) = f (b), then there exists ξ ∈ (a, b) such that f ′(ξ) = 0.
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The theorems of Rolle, Lagrange and Cauchy Rolle’s theorem

A special case: Rolle’s theorem

Theorem (Rolle, 1690, for polynomials)

Let f : [a, b] → R be continuous and differentiable on (a, b). If
f (a) = f (b), then there exists ξ ∈ (a, b) such that f ′(ξ) = 0.

a b

f (a)
=

f (b)

f

Geometrically:
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The theorems of Rolle, Lagrange and Cauchy Rolle’s theorem

A special case: Rolle’s theorem

Theorem (Rolle, 1690, for polynomials)

Let f : [a, b] → R be continuous and differentiable on (a, b). If
f (a) = f (b), then there exists ξ ∈ (a, b) such that f ′(ξ) = 0.

a b

f (a)
=

f (b)

f

Geometrically:

• chord is parallel to x-axes
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The theorems of Rolle, Lagrange and Cauchy Rolle’s theorem

A special case: Rolle’s theorem

Theorem (Rolle, 1690, for polynomials)

Let f : [a, b] → R be continuous and differentiable on (a, b). If
f (a) = f (b), then there exists ξ ∈ (a, b) such that f ′(ξ) = 0.

a b

f (a)
=

f (b)

f

ξ1 ξ2

Geometrically:

• chord is parallel to x-axes

• there is a tangent line parallel to the
x-axes
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The theorems of Rolle, Lagrange and Cauchy Rolle’s theorem

A special case: Rolle’s theorem

Theorem (Rolle, 1690, for polynomials)

Let f : [a, b] → R be continuous and differentiable on (a, b). If
f (a) = f (b), then there exists ξ ∈ (a, b) such that f ′(ξ) = 0.

a b

f (a)
=

f (b)

f

ξ1 ξ2

Geometrically:

• chord is parallel to x-axes

• there is a tangent line parallel to the
x-axes

Physically:
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The theorems of Rolle, Lagrange and Cauchy Rolle’s theorem

A special case: Rolle’s theorem

Theorem (Rolle, 1690, for polynomials)

Let f : [a, b] → R be continuous and differentiable on (a, b). If
f (a) = f (b), then there exists ξ ∈ (a, b) such that f ′(ξ) = 0.

a b

f (a)
=

f (b)

f

ξ1 ξ2

Geometrically:

• chord is parallel to x-axes

• there is a tangent line parallel to the
x-axes

Physically:

• if initial and terminal velocity are equal,
then at some instant acceleration = 0
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The theorems of Rolle, Lagrange and Cauchy Cauchy’s theorem

A generalization: Cauchy’s mean value theorem

Theorem (Cauchy, 1823)

Let f , g : [a, b] → R be continuous and differentiable on (a, b). Then there

exists ξ ∈ (a, b) such that

f ′(ξ)(g(b)− g(a)) = g ′(ξ)(f (b)− f (a)).
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The theorems of Rolle, Lagrange and Cauchy Cauchy’s theorem

A generalization: Cauchy’s mean value theorem

Theorem (Cauchy, 1823)

Let f , g : [a, b] → R be continuous and differentiable on (a, b). Then there

exists ξ ∈ (a, b) such that

f ′(ξ)(g(b)− g(a)) = g ′(ξ)(f (b)− f (a)).

g(a) g(b)

f (a)

f (b)
γ(b)

γ(a)

Geometrically:

• curve γ(t) = (g(t), f (t)) (t ∈ [a, b])
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The theorems of Rolle, Lagrange and Cauchy Cauchy’s theorem

A generalization: Cauchy’s mean value theorem

Theorem (Cauchy, 1823)

Let f , g : [a, b] → R be continuous and differentiable on (a, b). Then there

exists ξ ∈ (a, b) such that

f ′(ξ)(g(b)− g(a)) = g ′(ξ)(f (b)− f (a)).

g(a) g(b)

f (a)

f (b)
γ(b)

γ(a)

Geometrically:

• curve γ(t) = (g(t), f (t)) (t ∈ [a, b])

• direction of chord is
(g(b)− g(a), f (b)− f (a))
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The theorems of Rolle, Lagrange and Cauchy Cauchy’s theorem

A generalization: Cauchy’s mean value theorem

Theorem (Cauchy, 1823)

Let f , g : [a, b] → R be continuous and differentiable on (a, b). Then there

exists ξ ∈ (a, b) such that

f ′(ξ)(g(b)− g(a)) = g ′(ξ)(f (b)− f (a)).

g(a) g(b)

f (a)

f (b)
γ(b)

γ(a)

γ(ξ2)

γ(ξ1)

Geometrically:

• curve γ(t) = (g(t), f (t)) (t ∈ [a, b])

• direction of chord is
(g(b)− g(a), f (b)− f (a))

• at some instant (g ′(ξ), f ′(ξ)) = 0 or
tangent ‖ (g(b)− g(a), f (b)− f (a))
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How to prove it? The classical proofs

The (nowadays) very straightforward proofs

Proof of Rolle’s theorem (U. Dini, 1878). Geometrically:

a b

f (a)
=

f (b)

f
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How to prove it? The classical proofs

The (nowadays) very straightforward proofs

Proof of Rolle’s theorem (U. Dini, 1878).

• if f is constant, then f ′ = 0;

Geometrically:

a b

f (a)
=

f (b)

f
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How to prove it? The classical proofs

The (nowadays) very straightforward proofs

Proof of Rolle’s theorem (U. Dini, 1878).

• if f is constant, then f ′ = 0;

• otherwise f has (local) extremum at some
ξ ∈ (a, b),

Geometrically:

a b

f (a)
=

f (b)

f

ξ1 ξ2
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How to prove it? The classical proofs

The (nowadays) very straightforward proofs

Proof of Rolle’s theorem (U. Dini, 1878).

• if f is constant, then f ′ = 0;

• otherwise f has (local) extremum at some
ξ ∈ (a, b),

• by Fermat’s theorem (1638), f ′(ξ) = 0.

Geometrically:

a b

f (a)
=

f (b)

f

ξ1 ξ2

Á. Besenyei (ELTE Budapest) History of the mean value theorem September 17, 2012 6 / 15



How to prove it? The classical proofs

The (nowadays) very straightforward proofs

Proof of Rolle’s theorem (U. Dini, 1878).

• if f is constant, then f ′ = 0;

• otherwise f has (local) extremum at some
ξ ∈ (a, b),

• by Fermat’s theorem (1638), f ′(ξ) = 0.

Proof of the mean value theorem (O. Bonnet).

Geometrically:

a b

f (a)
=

f (b)

f

ξ1 ξ2

a b

f (a)

f (b)

f
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How to prove it? The classical proofs

The (nowadays) very straightforward proofs

Proof of Rolle’s theorem (U. Dini, 1878).

• if f is constant, then f ′ = 0;

• otherwise f has (local) extremum at some
ξ ∈ (a, b),

• by Fermat’s theorem (1638), f ′(ξ) = 0.

Proof of the mean value theorem (O. Bonnet).

• Let h(x) = f (x)− f (a)− f (b)−f (a)
b−a

(x − a),

Geometrically:

a b

f (a)
=

f (b)

f

ξ1 ξ2

a b

f (a)

f (b)

f

h(x)

f (x)

x
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How to prove it? The classical proofs

The (nowadays) very straightforward proofs

Proof of Rolle’s theorem (U. Dini, 1878).

• if f is constant, then f ′ = 0;

• otherwise f has (local) extremum at some
ξ ∈ (a, b),

• by Fermat’s theorem (1638), f ′(ξ) = 0.

Proof of the mean value theorem (O. Bonnet).

• Let h(x) = f (x)− f (a)− f (b)−f (a)
b−a

(x − a),

• then h(a) = h(b)(= 0),

Geometrically:

a b

f (a)
=

f (b)

f

ξ1 ξ2

a b

f (a)

f (b)

f

h(x)

f (x)

x
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How to prove it? The classical proofs

The (nowadays) very straightforward proofs

Proof of Rolle’s theorem (U. Dini, 1878).

• if f is constant, then f ′ = 0;

• otherwise f has (local) extremum at some
ξ ∈ (a, b),

• by Fermat’s theorem (1638), f ′(ξ) = 0.

Proof of the mean value theorem (O. Bonnet).

• Let h(x) = f (x)− f (a)− f (b)−f (a)
b−a

(x − a),

• then h(a) = h(b)(= 0),

• therefore by Rolle’s theorem h′(ξ) = 0 at
some ξ ∈ (a, b),

Geometrically:

a b

f (a)
=

f (b)

f

ξ1 ξ2

a b

f (a)

f (b)

f

h(x)

f (x)

x
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How to prove it? The classical proofs

The (nowadays) very straightforward proofs

Proof of Rolle’s theorem (U. Dini, 1878).

• if f is constant, then f ′ = 0;

• otherwise f has (local) extremum at some
ξ ∈ (a, b),

• by Fermat’s theorem (1638), f ′(ξ) = 0.

Proof of the mean value theorem (O. Bonnet).

• Let h(x) = f (x)− f (a)− f (b)−f (a)
b−a

(x − a),

• then h(a) = h(b)(= 0),

• therefore by Rolle’s theorem h′(ξ) = 0 at
some ξ ∈ (a, b),

• thus f ′(ξ)− f (b)−f (a)
b−a

= 0.

Geometrically:

a b

f (a)
=

f (b)

f

ξ1 ξ2

a b

f (a)

f (b)

f

h(x)

f (x)

x
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How to prove it? The classical proofs

The (nowadays) very straightforward proofs

Proof of Cauchy’s theorem (O. Bonnet).
Geometrically:

g(a) g(b)

f (a)

f (b)
γ(b)

γ(a)
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How to prove it? The classical proofs

The (nowadays) very straightforward proofs

Proof of Cauchy’s theorem (O. Bonnet).

• We may assume g(a) 6= g(b), then let

h(t) = f (t)− f (a)− f (b)−f (a)
g(b)−g(a)(g(t)− g(a)),

Geometrically:

g(a) g(b)

f (a)

f (b)
γ(b)

γ(a)

γ(t)

h(t)

f (t)

g(t)
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How to prove it? The classical proofs

The (nowadays) very straightforward proofs

Proof of Cauchy’s theorem (O. Bonnet).

• We may assume g(a) 6= g(b), then let

h(t) = f (t)− f (a)− f (b)−f (a)
g(b)−g(a)(g(t)− g(a)),

• then h(a) = h(b)(= 0),

Geometrically:

g(a) g(b)

f (a)

f (b)
γ(b)

γ(a)

γ(t)

h(t)

f (t)

g(t)
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How to prove it? The classical proofs

The (nowadays) very straightforward proofs

Proof of Cauchy’s theorem (O. Bonnet).

• We may assume g(a) 6= g(b), then let

h(t) = f (t)− f (a)− f (b)−f (a)
g(b)−g(a)(g(t)− g(a)),

• then h(a) = h(b)(= 0),

• therefore by Rolle’s theorem h′(ξ) = 0 at
some ξ ∈ (a, b)

Geometrically:

g(a) g(b)

f (a)

f (b)
γ(b)

γ(a)

γ(t)

h(t)

f (t)

g(t)
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How to prove it? The classical proofs

The (nowadays) very straightforward proofs

Proof of Cauchy’s theorem (O. Bonnet).

• We may assume g(a) 6= g(b), then let

h(t) = f (t)− f (a)− f (b)−f (a)
g(b)−g(a)(g(t)− g(a)),

• then h(a) = h(b)(= 0),

• therefore by Rolle’s theorem h′(ξ) = 0 at
some ξ ∈ (a, b)

• thus f ′(ξ)− f (b)−f (a)
g(b)−g(a)g

′(ξ) = 0.

Geometrically:

g(a) g(b)

f (a)

f (b)
γ(b)

γ(a)

γ(t)

h(t)

f (t)

g(t)
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How to prove it? The classical proofs

The (nowadays) very straightforward proofs

Proof of Cauchy’s theorem (O. Bonnet).

• We may assume g(a) 6= g(b), then let

h(t) = f (t)− f (a)− f (b)−f (a)
g(b)−g(a)(g(t)− g(a)),

• then h(a) = h(b)(= 0),

• therefore by Rolle’s theorem h′(ξ) = 0 at
some ξ ∈ (a, b)

• thus f ′(ξ)− f (b)−f (a)
g(b)−g(a)g

′(ξ) = 0.

Geometrically:

g(a) g(b)

f (a)

f (b)
γ(b)

γ(a)

γ(t)

h(t)

f (t)

g(t)

Remark.

h(t) =
1

g(a)− g(b)

∣

∣

∣

∣

∣

∣

f (t) g(t) 1
f (a) g(a) 1
f (b) g(b) 1

∣

∣

∣

∣

∣

∣

.

Á. Besenyei (ELTE Budapest) History of the mean value theorem September 17, 2012 6 / 15



How to prove it? Peano’s theorem

A universal generalization: Peano’s mean value theorem

Theorem (Peano, 1884)

Let f , ϕ, ψ : [a, b] → R be continuous and differentiable on (a, b). Then
there exists x1 ∈ (a, b) such that
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How to prove it? Peano’s theorem

A universal generalization: Peano’s mean value theorem

Theorem (Peano, 1884)

Let f , ϕ, ψ : [a, b] → R be continuous and differentiable on (a, b). Then
there exists x1 ∈ (a, b) such that

Proof of Peano’s theorem.
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How to prove it? Peano’s theorem

A universal generalization: Peano’s mean value theorem

Theorem (Peano, 1884)

Let f , ϕ, ψ : [a, b] → R be continuous and differentiable on (a, b). Then
there exists x1 ∈ (a, b) such that

Proof of Peano’s theorem.

• Let h(t) =

∣

∣

∣

∣

∣

∣

f (t) ϕ(t) ψ(t)
f (a) ϕ(a) ψ(a)
f (b) ϕ(b) ψ(b)

∣

∣

∣

∣

∣

∣

,
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How to prove it? Peano’s theorem

A universal generalization: Peano’s mean value theorem

Theorem (Peano, 1884)

Let f , ϕ, ψ : [a, b] → R be continuous and differentiable on (a, b). Then
there exists x1 ∈ (a, b) such that

Proof of Peano’s theorem.

• Let h(t) =

∣

∣

∣

∣

∣

∣

f (t) ϕ(t) ψ(t)
f (a) ϕ(a) ψ(a)
f (b) ϕ(b) ψ(b)

∣

∣

∣

∣

∣

∣

,

• then h(a) = h(b)(= 0) (the determinant has identical rows),
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How to prove it? Peano’s theorem

A universal generalization: Peano’s mean value theorem

Theorem (Peano, 1884)

Let f , ϕ, ψ : [a, b] → R be continuous and differentiable on (a, b). Then
there exists x1 ∈ (a, b) such that

Proof of Peano’s theorem.

• Let h(t) =

∣

∣

∣

∣

∣

∣

f (t) ϕ(t) ψ(t)
f (a) ϕ(a) ψ(a)
f (b) ϕ(b) ψ(b)

∣

∣

∣

∣

∣

∣

,

• then h(a) = h(b)(= 0) (the determinant has identical rows),

• therefore by Rolle’s theorem h′(ξ) = 0 at some ξ ∈ (a, b).
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How to prove it? Peano’s theorem

A universal generalization: Peano’s mean value theorem

Theorem (Peano, 1884)

Let f , ϕ, ψ : [a, b] → R be continuous and differentiable on (a, b). Then
there exists x1 ∈ (a, b) such that

Remark.

• ψ = 1 is Cauchy’s theorem

• ψ = 1, ϕ(x) = x is the mean value theorem
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How to prove it? Application

Who needs the mean value theorem, anyway?

Theorem

If f : (a, b) → R is differentiable and f ′ = 0, then f is constant.
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How to prove it? Application

Who needs the mean value theorem, anyway?

Theorem

If f : (a, b) → R is differentiable and f ′ = 0, then f is constant.

Proof.
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How to prove it? Application

Who needs the mean value theorem, anyway?

Theorem

If f : (a, b) → R is differentiable and f ′ = 0, then f is constant.

Proof.

If f (c) 6= f (d) for some c , d ∈ (a, b),
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How to prove it? Application

Who needs the mean value theorem, anyway?

Theorem

If f : (a, b) → R is differentiable and f ′ = 0, then f is constant.

Proof.

If f (c) 6= f (d) for some c , d ∈ (a, b), then

0 6= f (c)− f (d)

c − d
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How to prove it? Application

Who needs the mean value theorem, anyway?

Theorem

If f : (a, b) → R is differentiable and f ′ = 0, then f is constant.

Proof.

If f (c) 6= f (d) for some c , d ∈ (a, b), then

0 6= f (c)− f (d)

c − d
= f ′(ξ) = 0.
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How to prove it? Application

Who needs the mean value theorem, anyway?

Theorem

If f : (a, b) → R is differentiable and f ′ = 0, then f is constant.

Theorem (L’Hospital’s rule, 1696, J. Bernoulli)

If f , g : (a, b) → R are differentiable, g ′ 6= 0, lima+ f = lima+ g = 0 and

lima+ f ′/g ′ exists, then

lim
a+

f /g = lim
a+

f ′/g ′.
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How to prove it? Application

Who needs the mean value theorem, anyway?

Theorem

If f : (a, b) → R is differentiable and f ′ = 0, then f is constant.

Theorem (L’Hospital’s rule, 1696, J. Bernoulli)

If f , g : (a, b) → R are differentiable, g ′ 6= 0, lima+ f = lima+ g = 0 and

lima+ f ′/g ′ exists, then

lim
a+

f /g = lim
a+

f ′/g ′.

Proof.
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How to prove it? Application

Who needs the mean value theorem, anyway?

Theorem

If f : (a, b) → R is differentiable and f ′ = 0, then f is constant.

Theorem (L’Hospital’s rule, 1696, J. Bernoulli)

If f , g : (a, b) → R are differentiable, g ′ 6= 0, lima+ f = lima+ g = 0 and

lima+ f ′/g ′ exists, then

lim
a+

f /g = lim
a+

f ′/g ′.

Proof.

f (x)

g(x)
=

f (x)− f (a)

g(x)− g(a)
=

f ′(ξ)

g ′(ξ)
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How to prove it? Application

Who needs the mean value theorem, anyway?

Theorem

If f : (a, b) → R is differentiable and f ′ = 0, then f is constant.

Theorem (L’Hospital’s rule, 1696, J. Bernoulli)

If f , g : (a, b) → R are differentiable, g ′ 6= 0, lima+ f = lima+ g = 0 and

lima+ f ′/g ′ exists, then

lim
a+

f /g = lim
a+

f ′/g ′.

Proof.

f (x)

g(x)
=

f (x)− f (a)

g(x)− g(a)
=

f ′(ξ)

g ′(ξ)
, x → a+ =⇒ ξ → a+
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How to prove it? Application

Who needs the mean value theorem, anyway?

Theorem

If f : (a, b) → R is differentiable and f ′ = 0, then f is constant.

Theorem (L’Hospital’s rule, 1696, J. Bernoulli)

If f , g : (a, b) → R are differentiable, g ′ 6= 0, lima+ f = lima+ g = 0 and

lima+ f ′/g ′ exists, then

lim
a+

f /g = lim
a+

f ′/g ′.

Remark.

It is not difficult to avoid the mean value theorems (Bers, Cohen, Boas).
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Steps towards the modern form Rolle’s theorem

Historical development of Rolle’s theorem

Prehistory:
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Steps towards the modern form Rolle’s theorem

Historical development of Rolle’s theorem

Prehistory:

• Bashkara (1114–1185), Parameshvara (1380–1460)
• astronomical calculations (inverse sine)
• traces of Rolle’s and mean value theorem(?)
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Steps towards the modern form Rolle’s theorem

Historical development of Rolle’s theorem

• Michel Rolle (1652–1719)
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Steps towards the modern form Rolle’s theorem

Historical development of Rolle’s theorem

• Michel Rolle (1652–1719)

• Traité d’algèbre (1690)
Démonstration d’une méthode pour
résoudre les égalitez de tous les degrez
(1691) (theorem found in 1910)

• f ′(x) = 0 has at least one root between
two consecutive roots of f (x) = 0
(method of cascades for polynomials)
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Steps towards the modern form Rolle’s theorem

Historical development of Rolle’s theorem

• Michel Rolle (1691)

• Colin Maclaurin (1698–1746)
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Steps towards the modern form Rolle’s theorem

Historical development of Rolle’s theorem

• Michel Rolle (1691)

• Colin Maclaurin (1698–1746)

• A second letter...concerning the roots of
equations (1729)
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Steps towards the modern form Rolle’s theorem

Historical development of Rolle’s theorem

• Michel Rolle (1691)

• Colin Maclaurin (1729)

• Leonhard Euler (1707–1783)
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Steps towards the modern form Rolle’s theorem

Historical development of Rolle’s theorem

• Michel Rolle (1691)

• Colin Maclaurin (1729)

• Leonhard Euler (1707–1783)

• Institutiones calculi differentialis (1755)
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Steps towards the modern form Rolle’s theorem

Historical development of Rolle’s theorem

• Michel Rolle (1691)

• Colin Maclaurin (1729)

• Leonhard Euler (1755)

• Joseph-Louis Lagrange (1736-1813)
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Steps towards the modern form Rolle’s theorem

Historical development of Rolle’s theorem

• Michel Rolle (1691)

• Colin Maclaurin (1729)

• Leonhard Euler (1755)

• Joseph-Louis Lagrange (1736-1813)

• Traité de la résolution des équations
numériques de tous les degrés (1798)
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Steps towards the modern form Rolle’s theorem

Historical development of Rolle’s theorem

• Michel Rolle (1691)

• Colin Maclaurin (1729)

• Leonhard Euler (1755)

• Joseph-Louis Lagrange (1798)

• Moritz Wilhelm Drobisch (1802-1896)
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Steps towards the modern form Rolle’s theorem

Historical development of Rolle’s theorem

• Michel Rolle (1691)

• Colin Maclaurin (1729)

• Leonhard Euler (1755)

• Joseph-Louis Lagrange (1798)

• Moritz Wilhelm Drobisch (1802-1896)

• Grundzüge der Lehre von den höheren
numerischen Gleichungen (1843)

Proof details
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Steps towards the modern form Rolle’s theorem

Historical development of Rolle’s theorem

• Michel Rolle (1691)

• Colin Maclaurin (1729)

• Leonhard Euler (1755)

• Joseph-Louis Lagrange (1798)

• Moritz Wilhelm Drobisch (1843)

• Joseph Liouville (1809–1882)
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Steps towards the modern form Rolle’s theorem

Historical development of Rolle’s theorem

• Michel Rolle (1691)

• Colin Maclaurin (1729)

• Leonhard Euler (1755)

• Joseph-Louis Lagrange (1798)

• Moritz Wilhelm Drobisch (1843)

• Joseph Liouville (1809–1882)

• Extension du théorème de Rolle aux racines
imaginaires des équations (1864)
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Steps towards the modern form Rolle’s theorem

Historical development of Rolle’s theorem

• Michel Rolle (1691)

• Colin Maclaurin (1729)

• Leonhard Euler (1755)

• Joseph-Louis Lagrange (1798)

• Moritz Wilhelm Drobisch (1843)

• Joseph Liouville (1864)

• Joseph-Alfred Serret (1819–1885)
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Steps towards the modern form Rolle’s theorem

Historical development of Rolle’s theorem

• Michel Rolle (1691)

• Colin Maclaurin (1729)

• Leonhard Euler (1755)

• Joseph-Louis Lagrange (1798)

• Moritz Wilhelm Drobisch (1843)

• Joseph Liouville (1864)

• Joseph-Alfred Serret (1819–1885)

• Cours d’algèbre supérieure
(1866)

• every continuous function
is differentiable
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Steps towards the modern form Rolle’s theorem

Historical development of Rolle’s theorem

• Michel Rolle (1691)

• Colin Maclaurin (1729)

• Leonhard Euler (1755)

• Joseph-Louis Lagrange (1798)

• Moritz Wilhelm Drobisch (1843)

• Joseph Liouville (1864)

• Joseph-Alfred Serret (1819–1885)

• Cours d’algèbre supérieure
(1866)

Proof details
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Steps towards the modern form Rolle’s theorem

Historical development of Rolle’s theorem

• Michel Rolle (1691)

• Colin Maclaurin (1729)

• Leonhard Euler (1755)

• Joseph-Louis Lagrange (1798)

• Moritz Wilhelm Drobisch (1843)

• Joseph Liouville (1864)

• Joseph-Alfred Serret (1866)

and Rolle’s theorem became well-known...
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Steps towards the modern form Mean value theorem

Historical development of the mean value theorem

Prehistory:

Á. Besenyei (ELTE Budapest) History of the mean value theorem September 17, 2012 10 / 15



Steps towards the modern form Mean value theorem

Historical development of the mean value theorem

Prehistory:

• Bonaventura Cavalieri (1598-1647)
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Steps towards the modern form Mean value theorem

Historical development of the mean value theorem

Prehistory:

• Bonaventura Cavalieri (1598-1647)

• Geometria indivisibilibus (1635)
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Steps towards the modern form Mean value theorem

Historical development of the mean value theorem

Prehistory:

• Bonaventura Cavalieri
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Steps towards the modern form Mean value theorem

Historical development of the mean value theorem

• Joseph-Louis Lagrange (1736-1813)
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Steps towards the modern form Mean value theorem

Historical development of the mean value theorem

• Joseph-Louis Lagrange (1736-1813)

• Leçons sur le calcul des fonctions (1801)

Á. Besenyei (ELTE Budapest) History of the mean value theorem September 17, 2012 11 / 15



Steps towards the modern form Mean value theorem

Historical development of the mean value theorem

• Joseph-Louis Lagrange (1801)

• André-Marie Ampère (1775–1836)
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Steps towards the modern form Mean value theorem

Historical development of the mean value theorem

• Joseph-Louis Lagrange (1801)

• André-Marie Ampère (1775–1836)

• Recherches sur quelques point de la théorie
des fonctions dérivées (1806)

• every function is differentiable(?)
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Steps towards the modern form Mean value theorem

Historical development of the mean value theorem

• Joseph-Louis Lagrange (1801)

• André-Marie Ampère (1806)

• Augustin-Louis Cauchy (1789–1857)
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Steps towards the modern form Mean value theorem

Historical development of the mean value theorem

• Joseph-Louis Lagrange (1801)

• André-Marie Ampère (1806)

• Augustin-Louis Cauchy (1789–1857)

• Résumé des leçons sur le calcul infinitésimal
(1823)

Proof details
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Steps towards the modern form Mean value theorem

Historical development of the mean value theorem
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• Résumé des leçons sur le calcul infinitésimal
(1823)
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Steps towards the modern form Mean value theorem

Historical development of the mean value theorem

• Joseph-Louis Lagrange (1801)

• André-Marie Ampère (1806)

• Augustin-Louis Cauchy (1823)

• Pierre-Ossian Bonnet (1819–1892)
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Steps towards the modern form Mean value theorem

Historical development of the mean value theorem

• Joseph-Louis Lagrange (1801)

• André-Marie Ampère (1806)

• Augustin-Louis Cauchy (1823)

• Pierre-Ossian Bonnet (1819–1892)

• Serret, Cours de calcul infinitésimal (1868)

Proof details
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Steps towards the modern form Mean value theorem

Historical development of the mean value theorem

• Joseph-Louis Lagrange (1801)

• André-Marie Ampère (1806)

• Augustin-Louis Cauchy (1823)

• Pierre-Ossian Bonnet (1819–1892)

• Serret, Cours de calcul infinitésimal (1868)

Proof details
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Steps towards the modern form Mean value theorem

Historical development of the mean value theorem

• Joseph-Louis Lagrange (1801)

• André-Marie Ampère (1806)

• Augustin-Louis Cauchy (1823)

• Pierre-Ossian Bonnet (1868)

• Ulisse Dini (1845–1918)
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Steps towards the modern form Mean value theorem

Historical development of the mean value theorem

• Joseph-Louis Lagrange (1801)

• André-Marie Ampère (1806)

• Augustin-Louis Cauchy (1823)

• Pierre-Ossian Bonnet (1868)

• Ulisse Dini (1845–1918)

• Fondamenti per la teorica delle funzioni de
variabli reali (1878)

• perfect proof (and perfect book)
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Steps towards the modern form Mean value theorem

Historical development of the mean value theorem

• Joseph-Louis Lagrange (1801)

• André-Marie Ampère (1806)

• Augustin-Louis Cauchy (1823)

• Pierre-Ossian Bonnet (1868)

• Ulisse Dini (1878)

• Carl Gustav Axel Harnack (1851–1888)
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Steps towards the modern form Mean value theorem

Historical development of the mean value theorem

• Joseph-Louis Lagrange (1801)

• André-Marie Ampère (1806)

• Augustin-Louis Cauchy (1823)

• Pierre-Ossian Bonnet (1868)

• Ulisse Dini (1878)

• Carl Gustav Axel Harnack (1851–1888)

• Die Elemente der Differential- und
Integralrechnung (1881)
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Steps towards the modern form Mean value theorem

Historical development of the mean value theorem

• Joseph-Louis Lagrange (1801)

• André-Marie Ampère (1806)

• Augustin-Louis Cauchy (1823)

• Pierre-Ossian Bonnet (1868)

• Ulisse Dini (1878)

• Carl Gustav Axel Harnack (1851–1888)

• Die Elemente der Differential- und
Integralrechnung (1881)
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Steps towards the modern form Mean value theorem

Historical development of the mean value theorem

• Joseph-Louis Lagrange (1801)

• André-Marie Ampère (1806)

• Augustin-Louis Cauchy (1823)

• Pierre-Ossian Bonnet (1868)

• Ulisse Dini (1878)

• Carl Gustav Axel Harnack (1881)

• Moritz Pasch (1843–1930)
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Steps towards the modern form Mean value theorem

Historical development of the mean value theorem

• Joseph-Louis Lagrange (1801)

• André-Marie Ampère (1806)

• Augustin-Louis Cauchy (1823)

• Pierre-Ossian Bonnet (1868)

• Ulisse Dini (1878)

• Carl Gustav Axel Harnack (1881)

• Moritz Pasch (1843–1930)

• Einleitung in die Differential- und
Integralrechnung (1882)
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Steps towards the modern form Mean value theorem

Historical development of the mean value theorem

• Joseph-Louis Lagrange (1801)

• André-Marie Ampère (1806)

• Augustin-Louis Cauchy (1823)

• Pierre-Ossian Bonnet (1868)

• Ulisse Dini (1878)

• Carl Gustav Axel Harnack (1881)

• Moritz Pasch (1882)

and the theorem seemed to be perfectly clear...
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Dispute between mathematicians Peano and Jordan

Correspondence of Peano and Jordan

• Camille Jordan (1838–1922)
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Dispute between mathematicians Peano and Jordan

Correspondence of Peano and Jordan

• Camille Jordan (1838–1922)

Cours d’analyse (1882) contains an erroneous proof
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Dispute between mathematicians Peano and Jordan

Correspondence of Peano and Jordan

• Camille Jordan (1838–1922)

Cours d’analyse (1882) contains an erroneous proof

Proof of the mean value inequality.
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Dispute between mathematicians Peano and Jordan

Correspondence of Peano and Jordan

• Camille Jordan (1838–1922)

Cours d’analyse (1882) contains an erroneous proof

Proof of the mean value inequality.

Take a = a0 < a2 < · · · < an = b.
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Dispute between mathematicians Peano and Jordan

Correspondence of Peano and Jordan

• Camille Jordan (1838–1922)

Cours d’analyse (1882) contains an erroneous proof

Proof of the mean value inequality.

Take a = a0 < a2 < · · · < an = b. Then

f (ai )− f (ai−1) = (ai − ai−1)[f
′(ai−1) + εi ].
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Dispute between mathematicians Peano and Jordan

Correspondence of Peano and Jordan

• Camille Jordan (1838–1922)

Cours d’analyse (1882) contains an erroneous proof

Proof of the mean value inequality.

Take a = a0 < a2 < · · · < an = b. Then

f (ai )− f (ai−1) = (ai − ai−1)[f
′(ai−1) + εi ].

Thus, with M = max
[a,b]

|f ′|,m = min
[a,b]

|f ′|, ε = max
i=1,...,n

|εi |, after
summation

(m − ε)(b − a) ≤ f (b)− f (a) ≤ (M + ε)(b − a).
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Dispute between mathematicians Peano and Jordan

Correspondence of Peano and Jordan

• Camille Jordan (1838–1922)

Cours d’analyse (1882) contains an erroneous proof

Proof of the mean value inequality.

Take a = a0 < a2 < · · · < an = b. Then

f (ai )− f (ai−1) = (ai − ai−1)[f
′(ai−1) + εi ].

Thus, with M = max
[a,b]

|f ′|,m = min
[a,b]

|f ′|, ε = max
i=1,...,n

|εi |, after
summation

(m − ε)(b − a) ≤ f (b)− f (a) ≤ (M + ε)(b − a).

Let n → ∞, then ε→ 0.
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Dispute between mathematicians Peano and Jordan

Correspondence of Peano and Jordan

• Camille Jordan (1838–1922)

• Giuseppe Peano (1858–1932)
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Dispute between mathematicians Peano and Jordan

Correspondence of Peano and Jordan

• Camille Jordan (1838–1922)

• Giuseppe Peano (1858–1932)

Letter to Jordan (Nouv. Ann. Math., 1884)
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Dispute between mathematicians Peano and Jordan

Correspondence of Peano and Jordan

• Camille Jordan (1838–1922)

• Giuseppe Peano (1858–1932)

Letter to Jordan (Nouv. Ann. Math., 1884)

Problem.

If f (x) = x2 sin 1
x
, a0 = 0, a1 = 1/2nπ, a2 = 1/(2n + 1)π

then f (a1) = f (a2) = 0, f ′(a1) = −1 and so ε2 = 1.
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Dispute between mathematicians Peano and Jordan

Correspondence of Peano and Jordan

• Camille Jordan (1838–1922)

• Giuseppe Peano (1858–1932)

Letter to Jordan (Nouv. Ann. Math., 1884)

Problem.

The continuity of the derivative is used implicitly in your
proof. (Exactly the same error made in Jules Hoüel’s Cours
de calcul infinitésimal (1879).)
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Dispute between mathematicians Peano and Jordan

Correspondence of Peano and Jordan

• Camille Jordan (1838–1922)

• Giuseppe Peano (1858–1932)

Letter to Jordan (Nouv. Ann. Math., 1884)

Problem.

However, the theorem can be easily proved without
assuming the continuity of the derivative.
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Dispute between mathematicians Peano and Jordan

Correspondence of Peano and Jordan

• Camille Jordan (1838–1922)

Reply to Peano (1884).

• Giuseppe Peano (1858–1932)
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Dispute between mathematicians Peano and Jordan

Correspondence of Peano and Jordan

• Camille Jordan (1838–1922)

Reply to Peano (1884).

I know that my proof requires the continuity of the
derivative. I will correct the error in Volume 3 of my book.

• Giuseppe Peano (1858–1932)
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Dispute between mathematicians Peano and Jordan

Correspondence of Peano and Jordan

• Camille Jordan (1838–1922)

Reply to Peano (1884).

However, I would be very happy if you send me a proof
without that assumption, because I do not know any.

• Giuseppe Peano (1858–1932)
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Dispute between mathematicians Peano and Jordan

Correspondence of Peano and Jordan

• Camille Jordan (1838–1922)

• Giuseppe Peano (1858–1932)

Reply to Jordan (1884).
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Dispute between mathematicians Peano and Jordan

Correspondence of Peano and Jordan

• Camille Jordan (1838–1922)

• Giuseppe Peano (1858–1932)

Reply to Jordan (1884).

I learned it from my teacher Angelo Genocchi. It is due to
O. Bonnet, see Serret (with imperfections) and Dini,
Harnack, Pasch (perfectly).
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Dispute between mathematicians Peano and Jordan

Correspondence of Peano and Jordan

• Camille Jordan (1838–1922)

Jordan’s book is modified accordingly (1887).

• Giuseppe Peano (1858–1932)
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Dispute between mathematicians Peano and Gilbert

Correspondence of Peano and Gilbert

• Louis-Philippe Gilbert (1832–1892)

Chair of analysis at Université Catholique de Louvain
(and cousin of Charles de la Vallée Poussin)

• Giuseppe Peano (1858–1932)
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Dispute between mathematicians Peano and Gilbert

Correspondence of Peano and Gilbert

• Louis-Philippe Gilbert (1832–1892)

Reply to Peano (1884).

• Giuseppe Peano (1858–1932)
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Dispute between mathematicians Peano and Gilbert

Correspondence of Peano and Gilbert

• Louis-Philippe Gilbert (1832–1892)

Reply to Peano (1884).

Without continuity of the derivative, the theorem is false.

• Giuseppe Peano (1858–1932)
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Dispute between mathematicians Peano and Gilbert

Correspondence of Peano and Gilbert

• Louis-Philippe Gilbert (1832–1892)

Reply to Peano (1884).

If f (x) =
√
2x (x ∈ (0, a)) and f (x) =

√

2(2a− x)
(x ∈ (a, 2a)), then f (a+ h)− f (a− h) = 0 but there is no
ξ for which f ′(ξ) = 0.

• Giuseppe Peano (1858–1932)
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Dispute between mathematicians Peano and Gilbert

Correspondence of Peano and Gilbert

• Louis-Philippe Gilbert (1832–1892)

Reply to Peano (1884).

f

a 2a

√
2a

• Giuseppe Peano (1858–1932)
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Correspondence of Peano and Gilbert

• Louis-Philippe Gilbert (1832–1892)

• Giuseppe Peano (1858–1932)

Reply to Gilbert (1884).
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Dispute between mathematicians Peano and Gilbert

Correspondence of Peano and Gilbert

• Louis-Philippe Gilbert (1832–1892)

• Giuseppe Peano (1858–1932)

Reply to Gilbert (1884).

Your function is not differentiable at some point.
Differentiability means equal left and right derivative.
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Dispute between mathematicians Peano and Gilbert

Correspondence of Peano and Gilbert

• Louis-Philippe Gilbert (1832–1892)

• Giuseppe Peano (1858–1932)

Reply to Gilbert (1884).

The proof is easy, I learned it from my teacher A. Genocchi.
It is due to Bonnet, see Serret (with imperfections) and
Dini, Harnack, Pasch (perfectly).
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Dispute between mathematicians Peano and Gilbert

Correspondence of Peano and Gilbert

• Louis-Philippe Gilbert (1832–1892)

• Giuseppe Peano (1858–1932)

Reply to Gilbert (1884).

And, without malice, I give you an exercise: show that if f
is differentiable then for all ε > 0 there is a partition
a = a0 < · · · < an = b such that

∣

∣

f (ai+1)−f (ai )
ai+1−ai

− f ′(ai )
∣

∣ < ε.
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Dispute between mathematicians Peano and Gilbert

Correspondence of Peano and Gilbert

• Louis-Philippe Gilbert (1832–1892)

Reply to Peano (1884).

I misunderstood your concept of discontinuity of derivative.
Of course, I knew Bonnet’s proof.

• Giuseppe Peano (1858–1932)
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Dispute between mathematicians Peano and Gilbert

Correspondence of Peano and Gilbert

• Louis-Philippe Gilbert (1832–1892)

Reply to Peano (1884).

Your exercise is not interesting for me at all, however, I
provide you a solution.

• Giuseppe Peano (1858–1932)
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The End

Thank you for your attention!
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Appendix Drobisch’s proof

Drobisch’s proof of Rolle’s theorem

Proof.
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Appendix Drobisch’s proof

Drobisch’s proof of Rolle’s theorem

Proof.

Let f (x) = (x − α1) . . . (x − αn)ϕ(x) where α1 < · · · < αn and ϕ > 0.
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Appendix Drobisch’s proof

Drobisch’s proof of Rolle’s theorem

Proof.

Let f (x) = (x − α1) . . . (x − αn)ϕ(x) where α1 < · · · < αn and ϕ > 0.
Then

f ′(α1) = (α1 − α2)(α1 − α3) . . . (α1 − αn)ϕ(α1),

f ′(α2) = (α2 − α1)(α2 − α3) . . . (α2 − αn)ϕ(α2),

f ′(α3) = (α3 − α1)(α3 − α2) . . . (α3 − αn)ϕ(α3),
...
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Appendix Drobisch’s proof

Drobisch’s proof of Rolle’s theorem

Proof.

Let f (x) = (x − α1) . . . (x − αn)ϕ(x) where α1 < · · · < αn and ϕ > 0.
Then

f ′(α1) = (α1 − α2)(α1 − α3) . . . (α1 − αn)ϕ(α1),

f ′(α2) = (α2 − α1)(α2 − α3) . . . (α2 − αn)ϕ(α2),

f ′(α3) = (α3 − α1)(α3 − α2) . . . (α3 − αn)ϕ(α3),
...

Therefore, f ′(αi ) and f ′(αi+1) have different signs
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Appendix Drobisch’s proof

Drobisch’s proof of Rolle’s theorem

Proof.

Let f (x) = (x − α1) . . . (x − αn)ϕ(x) where α1 < · · · < αn and ϕ > 0.
Then

f ′(α1) = (α1 − α2)(α1 − α3) . . . (α1 − αn)ϕ(α1),

f ′(α2) = (α2 − α1)(α2 − α3) . . . (α2 − αn)ϕ(α2),

f ′(α3) = (α3 − α1)(α3 − α2) . . . (α3 − αn)ϕ(α3),
...

Therefore, f ′(αi ) and f ′(αi+1) have different signs thus f ′ has a root
between αi and αi+1.
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Appendix Serret’s proof

Serret’s proof of Rolle’s theorem

Proof.
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Appendix Serret’s proof

Serret’s proof of Rolle’s theorem

Proof.

Let f (a) = f (b) = 0 and f > 0 on (a, b).
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Appendix Serret’s proof

Serret’s proof of Rolle’s theorem

Proof.

Let f (a) = f (b) = 0 and f > 0 on (a, b). Since

f (a+ h)

f ′(a + h)
=

hf ′(a) + 1
2h

2f ′′(ξ)

f ′(a) + hf ′′(η)
= h

1 + small

1 + small
,
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Appendix Serret’s proof

Serret’s proof of Rolle’s theorem

Proof.

Let f (a) = f (b) = 0 and f > 0 on (a, b). Since

f (a+ h)

f ′(a + h)
=

hf ′(a) + 1
2h

2f ′′(ξ)

f ′(a) + hf ′′(η)
= h

1 + small

1 + small
,

thus f (a+h)
f ′(a+h) > 0 for small h and so f ′(a+ h) > 0.
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Appendix Serret’s proof

Serret’s proof of Rolle’s theorem

Proof.

Let f (a) = f (b) = 0 and f > 0 on (a, b). Since

f (a+ h)

f ′(a + h)
=

hf ′(a) + 1
2h

2f ′′(ξ)

f ′(a) + hf ′′(η)
= h

1 + small

1 + small
,

thus f (a+h)
f ′(a+h) > 0 for small h and so f ′(a+ h) > 0. Similarly, f ′(b− h) < 0

for small h.
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Appendix Serret’s proof

Serret’s proof of Rolle’s theorem

Proof.

Let f (a) = f (b) = 0 and f > 0 on (a, b). Since

f (a+ h)

f ′(a + h)
=

hf ′(a) + 1
2h

2f ′′(ξ)

f ′(a) + hf ′′(η)
= h

1 + small

1 + small
,

thus f (a+h)
f ′(a+h) > 0 for small h and so f ′(a+ h) > 0. Similarly, f ′(b− h) < 0

for small h. Therefore, f ′ has a root between a+ h and b − h.
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Appendix Cauchy’s proof

Cauchy’s proof of the mean value inequality

Proof.
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Appendix Cauchy’s proof

Cauchy’s proof of the mean value inequality

Proof.

Let ε > 0 and δ > 0 be such that if 0 < i < δ (i=indeterminate), then

f ′(x)− ε <
f (x + i)− f (x)

i
< f ′(x) + ε.
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Appendix Cauchy’s proof

Cauchy’s proof of the mean value inequality

Proof.

Let ε > 0 and δ > 0 be such that if 0 < i < δ (i=indeterminate), then

f ′(x)− ε <
f (x + i)− f (x)

i
< f ′(x) + ε.

Take a = x0 < x1 < · · · < xn−1 < xn = b such that xi − xi−1 < δ,
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Appendix Cauchy’s proof

Cauchy’s proof of the mean value inequality

Proof.

Let ε > 0 and δ > 0 be such that if 0 < i < δ (i=indeterminate), then

f ′(x)− ε <
f (x + i)− f (x)

i
< f ′(x) + ε.

Take a = x0 < x1 < · · · < xn−1 < xn = b such that xi − xi−1 < δ, then

min
[a,b]

f ′ − ε ≤ f ′(xi )− ε <
f (xi )− f (xi−1)

xi − xi−1
< f ′(xi ) + ε ≤ max

[a,b]
f ′ + ε,
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Appendix Cauchy’s proof

Cauchy’s proof of the mean value inequality

Proof.

Let ε > 0 and δ > 0 be such that if 0 < i < δ (i=indeterminate), then

f ′(x)− ε <
f (x + i)− f (x)

i
< f ′(x) + ε.

Take a = x0 < x1 < · · · < xn−1 < xn = b such that xi − xi−1 < δ, then

min
[a,b]

f ′ − ε ≤ f ′(xi )− ε <
f (xi )− f (xi−1)

xi − xi−1
< f ′(xi ) + ε ≤ max

[a,b]
f ′ + ε,

and so by averaging with weights (xi − xi−1) one obtains

min
[a,b]

f ′ − ε <
f (b)− f (a)

b − a
< max

[a,b]
f ′ + ε.
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Appendix Cauchy’s proof

Cauchy’s proof of the mean value inequality

Proof.

Let ε > 0 and δ > 0 be such that if 0 < i < δ (i=indeterminate), then

f ′(x)− ε <
f (x + i)− f (x)

i
< f ′(x) + ε.

Take a = x0 < x1 < · · · < xn−1 < xn = b such that xi − xi−1 < δ, then

min
[a,b]

f ′ − ε ≤ f ′(xi )− ε <
f (xi )− f (xi−1)

xi − xi−1
< f ′(xi ) + ε ≤ max

[a,b]
f ′ + ε,

and so by averaging with weights (xi − xi−1) one obtains

min
[a,b]

f ′ − ε <
f (b)− f (a)

b − a
< max

[a,b]
f ′ + ε.

The assertion follows by ε→ 0.
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Appendix Cauchy’s proof

Cauchy’s proof of the mean value inequality

Remark.

• Problem: δ depends on x

(one needs the continuity of the derivative, as later noted Peano).

• The notion of mean (moyenne) was introduced by Cauchy in Analyse
algébrique (1821).

• Cauchy proved rigorously the intermediate value theorem in Analyse
algébrique (1821) so the mean value thereom also follows.
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Appendix Cauchy’s proof

Cauchy’s proof of the generalized mean value theorem

Proof.

Return
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Appendix Cauchy’s proof

Cauchy’s proof of the generalized mean value theorem

Proof.

Assume g ′ > 0 and let A := min[a,b] f
′/g ′, B := max[a,b] f

′/g ′.
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Appendix Cauchy’s proof

Cauchy’s proof of the generalized mean value theorem

Proof.

Assume g ′ > 0 and let A := min[a,b] f
′/g ′, B := max[a,b] f

′/g ′. Then

f ′(x)− Ag ′(x) ≥ 0 and Bg ′(x)− f ′(x) ≥ 0 (x ∈ (a, b)).
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Appendix Cauchy’s proof

Cauchy’s proof of the generalized mean value theorem

Proof.

Assume g ′ > 0 and let A := min[a,b] f
′/g ′, B := max[a,b] f

′/g ′. Then

f ′(x)− Ag ′(x) ≥ 0 and Bg ′(x)− f ′(x) ≥ 0 (x ∈ (a, b)).

Therefore (f − Ag) and (Bg − f ) are increasing
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Appendix Cauchy’s proof

Cauchy’s proof of the generalized mean value theorem

Proof.

Assume g ′ > 0 and let A := min[a,b] f
′/g ′, B := max[a,b] f

′/g ′. Then

f ′(x)− Ag ′(x) ≥ 0 and Bg ′(x)− f ′(x) ≥ 0 (x ∈ (a, b)).

Therefore (f − Ag) and (Bg − f ) are increasing thus

f (b)−f (a)−A(g(b)−g(a)) ≥ 0 and B(g(b)−g(a))−(f (b)−f (a)) ≥ 0.
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Appendix Cauchy’s proof

Cauchy’s proof of the generalized mean value theorem

Proof.

Assume g ′ > 0 and let A := min[a,b] f
′/g ′, B := max[a,b] f

′/g ′. Then

f ′(x)− Ag ′(x) ≥ 0 and Bg ′(x)− f ′(x) ≥ 0 (x ∈ (a, b)).

Therefore (f − Ag) and (Bg − f ) are increasing thus

f (b)−f (a)−A(g(b)−g(a)) ≥ 0 and B(g(b)−g(a))−(f (b)−f (a)) ≥ 0.

So
A(g(b)− g(a)) ≤ f (b)− f (a) ≤ B(g(b)− g(a)),

and
A ≤ f (b)− f (a)

g(b)− g(a)
≤ B

which is Cauchy’s mean value inequality.
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Appendix Cauchy’s proof

Cauchy’s proof of the generalized mean value theorem

Proof.

Assume g ′ > 0 and let A := min[a,b] f
′/g ′, B := max[a,b] f

′/g ′. Then

f ′(x)− Ag ′(x) ≥ 0 and Bg ′(x)− f ′(x) ≥ 0 (x ∈ (a, b)).

Therefore (f − Ag) and (Bg − f ) are increasing thus

f (b)−f (a)−A(g(b)−g(a)) ≥ 0 and B(g(b)−g(a))−(f (b)−f (a)) ≥ 0.

So
A(g(b)− g(a)) ≤ f (b)− f (a) ≤ B(g(b)− g(a)),

and
A ≤ f (b)− f (a)

g(b)− g(a)
≤ B

which is Cauchy’s mean value inequality. Cauchy’s mean value theorem
follows by the intermediate value theorem and the continuity of f ′/g ′.
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Appendix Bonnet’s proof

Bonnet’s proof of the mean value theorem

Proof.

Return
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Appendix Bonnet’s proof

Bonnet’s proof of the mean value theorem

Proof.

Denote A = f (b)−f (a)
b−a

and ϕ(x) = [f (x)− Ax ]− [f (a)− Aa].
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Appendix Bonnet’s proof

Bonnet’s proof of the mean value theorem

Proof.

Denote A = f (b)−f (a)
b−a

and ϕ(x) = [f (x)− Ax ]− [f (a)− Aa]. Then
ϕ(a) = ϕ(b) = 0. Therefore, if ϕ is not constant, it has an extremum at
some x1 ∈ (a, b) and there ϕ′(x1) = 0. Otherwise, ϕ′ = 0.
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Appendix Bonnet’s proof

Bonnet’s proof of the mean value theorem

Proof.

Denote A = f (b)−f (a)
b−a

and ϕ(x) = [f (x)− Ax ]− [f (a)− Aa]. Then
ϕ(a) = ϕ(b) = 0. Therefore, if ϕ is not constant, it has an extremum at
some x1 ∈ (a, b) and there ϕ′(x1) = 0. Otherwise, ϕ′ = 0.

Remark.

• No reference to Rolle’s theorem, but a complete proof.

• minor “imperfection” (as criticized by Peano):

“if ϕ is not constant, then it should increase or decrease at a”

is not true, for instance, x2 sin 1
x
at x = 0.

• Analogous proof for Cauchy’s mean value theorem: A = f (b)−f (a)
g(b)−g(a) and

ϕ(x) = [f (x)− Ag(x)]− [f (a)− Ag(a)].

Return
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